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APPENDIX F

UNCERTAINTY ANALYSES FOR SECTION 6.3

F.1 Uncertainties for Section 6.3.1

Using Equation 6.33:
2 2 2
(Jl)n+1/2) _ (U‘In+1/2 ) + O-Ui+1/2 (Fl)
Pn+1/2 Ap41/2 ’024_1/2
o 2 o 2 20 2
( Pn+1/2) — ( an+1/2) _I_ ( Un+1/2) (FQ)
Pr+1/2 Ap41/2 Un+1/2

2 2 2
o o 4o
Pn+1/2 An41/2 Un41/2
( ) = 2y / (F.3)

2 2
Prt1/2 Ant1/2 Unt1/2

Using Equations 6.14, 6.15, 6.16, and 6.17:

(F.4)

() _ ((?sv) (%)

Prt1/2 &%)

2

g n+1/2 20—2 80-2

( Pnt1/ ) — v . 4+ v - (F5)
Pr+1/2 (Un—}—l - vn) (vn + Un—}—l)
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Using Equation 6.34:

a? = Unt1 = Un Am 2 o? 2 + i (F.6)
Prt1/2 (Un + Un+1)2 AACpH Y (vn-H — vn)2 (Un + vn+1)2 ‘

2 _ dm \? 03 2 2 F
T popirse — <AACD) (Un n Un+1)6 (2 (vn + vn+1) + 8 (vn+1 - Un) ) ( '7)

B dm Oy 9 o\ 1/2
0'Pn+1/2 - (AACD) (Un n ’Un+1)3 (2 (Un + Un-}-l) + 8 (vn-l—l - Un) ) (FS)

F.2 Uncertainties for Section 6.3.2

Using Equation 6.36:

2 2 2 2 2 2 2
O-p: — O-p:; —I_ g ((Zn - Zn+1) O-pn+1/2 —I_ pn+1/20-2n_2n+1) (Fg)

+1

Opnp1y, €an be calculated from Equation F.8 and o, _.,,, can be calculated
from Equation 6.13. p,41/2 can be calculated from Equation 6.33 and (z, — z,41)

can be calculated from Equation 6.8.
F.3 Uncertainties for Section 6.3.3
Using Equation 6.38:

2 2
2 ag a
(0,2)" = pa—=l2 4 ph—oma2 (F.10)
Pr-1/2 Prt1/2
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Using Equation 6.38:

2
(JP%) = /’EL+1/2U§“_1/2 + Pi—1/2azn+1/2 (F.11)

= F.12
2 2 2 2 2 1/2
Ton = (pn‘}‘l/QUPn_l/z + pn—l/Zo-pn+1/2) (FlS)

v/ Pn—1/2Pn+1/2

This can be calculated using Equations F.8 and 6.34. Using Equation 6.39:

a 2 a 2 a 2
T Py, Pn
_n — | &n + F.14

T;Q Tf
0'%: = pTQazz + 2 O'zn (F.15)
M . 2 0.2* p*20.2
2 _ mo Pn n 7 pPn
e () (08

o+ can be calculated from Equation F.9 and o,, can be calculated from
Equation F.13. p¥ can be calculated from Equation 6.36 and p,, can be calculated
from Equation 6.38.
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F.4 Uncertainties for Section 6.3.4

The uncertainty calculation is quite involved. Since I did not find a simple expression

for opa, I outline a scheme for calculating numerically what opa is:

Define P as:

P=wv,146v, +v,11 (F.17)

Define Q) as:

2
Q= m( Dt = On (””‘1_+ n) ) (F.18)
(’Un ‘I’ Un+1) Un, Up-1
Using Equation 6.45:
Mg P
¢ 81@;%6 (F.19)

2 2
Ora op\? o)
ore) — (% il F.2
(Tn@) <P) +(Q) (F:20)
0123 = 0'3 + 3603 + 0'3 (F.21)

op = 0,V/38 (F.22)

Define R as:



Hence:

Define S as:

Define 7 as:

Define U as:

Define W as:

Up41 — Un (vn—l —I' vn)2

[

2
vy + vn—l—l) Un —

O=InR

OR
co = —
“T R

S = Up41 — Un

Z = (vn + vn—l—l)

U= (vn—l + vn)2

W =wv, —v,_1

Up-1

)
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(F.23)

(F.24)

(F.25)

(F.26)

(F.27)

(F.28)

(F.29)



Hence:
S U
R=——
ZW
) =(%) (%) + (%
(R) =\s) t\7) "
0% = oy = 207
Define X as:
X = (vn + Un—l—l)
Hence:
7 = X?
(24 . 20‘X
7 X
ogx = \/§JU
Define Y as:

Y = (vn—l + Un)
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(F.30)

(F.31)

(F.32)

(F.33)

(F.34)

(F.35)

(F.36)

(F.37)
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Hence:

U=Y? (F.38)
g 20‘Y

. F.

i v (F.39)
oy = V20, (F.40)

F.5 Uncertainties for Section 6.3.5

Using Equation 6.46:

2 2 2
o o
e _ Tpn T2

p o TP

(F.41)

0,, can be calculated using Equation F.13 and o7a can be calculated using
Equation F.20. T'® can be calculated using Equation 6.45 and p, can be calculated
from Equation 6.38.

F.6 Uncertainties for Section 6.3.6

Using Equation 6.51:

Or# ? Oy2 ? Ovn1—vnq1 ’ F.42
5) =) s "
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o2 \2  /20,\2 9 ?
(L;) _ ( "v) N (L) (F.43)
Tn Up, Un—1 — Un41

o \? 402 202
<T#) S r——r (F.44)

Using Equation 6.51:

Mg A2 2 2[4 2
" kB Up—1 — Un41 (% (vn—l — Un+1)
o, = (MmOlgA)z o o? (4 (v —0 )2 + 21}2) (F.46)
T# kB (vn—l _ vn+1)4 v n—1 n+1 n .

This uncertainty is less than before (Equation F.20) since the expression
for calculating T, (Equation 6.51) is so much simpler than before (Equation 6.45).

However, there are only restricted circumstances in which it can be used.

F.7 Uncertainties for Section 6.3.7

Using Equation 6.56:

myg oy

_ Mg O F.4
Tp# CpAuv, (F.47)

F.8 TUncertainties for Section 6.3.8

The uncertainty calculation is quite involved. Since I did not find a simple expression
for ogs, I outline a scheme for calculating numerically what ogs is. Neglecting po

and using Equation 6.56:



pf_l_l _Inwv,p —Inw,

p# "~ lnv, —Inv,
Define B as:
B = U, + Un+1
Define C' as:
#
C =1n (p”;)
Pn
Hence:

Using Equation F.48, I define D as:

#

Inv,y1 —Inv,

i

Inv, —Inv,
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(F.48)

(F.49)

(F.50)

(F.51)

(F.52)

(F.53)

(F.54)
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Hence:
C=InD (F.55)
o
o = FD (F.56)
Define F as:
E=Inv,.; —Inv, (F.57)
Define F' as:
F=lv, —lnv, (F.58)
Hence:
F
D=— F.59
- (F.50)
B =)+ ()
— ) == — F.
(D) 7)) T\F (F.60)
op = — (F.61)
Un41
op = 22 (F.62)



