APPENDIX C

CURVATURE TERMS IN EQUATIONS 3.6 – 3.7

Most of the terms in Equation 3.1 have an obvious, one-to-one correspondence with terms in Equations 3.6 – 3.8. The exceptions are the non-linear advective terms.

(v.∇) v = r̂ (v.∇) v_r + v_r (v.∇) r̂ + θ̂ (v.∇) v_θ + (C.1) v_θ (v.∇) θ̂ + ϕ̂ (v.∇) v_ϕ + v_ϕ (v.∇) ϕ̂

Equation 3.9 defines (v.∇). Using Arfken and Weber (1995), I have:

∂r̂ ∂r = 0 (C.2)

∂r̂ ∂θ = θ̂ (C.3)

∂r̂ ∂ϕ = sin θϕ̂ (C.4)

∂θ̂ ∂r = 0 (C.5)

∂θ̂ ∂θ = −r̂ (C.6)

∂θ̂ ∂ϕ = cos θϕ̂ (C.7)

∂ϕ̂ ∂r = 0 (C.8)

∂ϕ̂ ∂θ = 0 (C.9)

∂ϕ̂ ∂ϕ = −r̂ sin θ − cos θθ̂ (C.10)

Using Equations C.2 – C.10 to differentiate the unit vectors, the advective terms become:

(v.∇) v = r̂ (v.∇) v_r + θ̂ (v.∇) v_θ + ϕ̂ (v.∇) v_ϕ + v_rv_θθ̂ r + v_rv_ϕϕ̂ r + (C.11) −v^2_θr̂ r + v_θv_ϕ cos θϕ̂ r sin θ + v^2_ϕ r sin θ ( −r̂ sin θ − cos θθ̂ )

Rearranging:

(v.∇) v = r̂ (v.∇) v_r + θ̂ (v.∇) v_θ + ϕ̂ (v.∇) v_ϕ + − ( v^2_θ + v^2_ϕ ) r r̂ + (C.12) ( v_rv_θ r − v^2_ϕ r tan θ ) θ̂ + (v_rv_θ r + v_θv_ϕ r tan θ ) ϕ̂

The terms containing derivatives continue to be called the advective terms, the others are called curvature terms.