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A Nonlinear Optimization Technique for
Ground-Based Atmospheric Emission Tomography

Joshua Semeter and Michael Mendillo

Abstract—Solar-terrestrial interactions produce a rich variety and instrumentation continue to make optical aeronomy a vital
of optical emissions in the Earth’s upper atmosphere (100-1000 method for studying the solar-terrestrial environment.

km). While ground based brightness measurements (i.e., column  4nd-pased imaging of the atmosphere’s optical environ-
integrated photon density) provide an important diagnostic of

these processes, the more interesting physics is in the associate('infant provides t\No-dlmenSIOQaI (Z'P) projections (i.e., surfe_lce
volume emission rate distribution (i.e., photon production/cni s  brightness maps) of three-dimensional (3-D) structures (i.e.,
versus altitude). This work examines a new technique for remote volume emission rate distributions). It is in the latiatrin-
sensing of the Earths’ radiative environment. Brightness mea- sjc parameter that the interesting fundamental atmospheric
surements from a network of ground-based imaging systems are processes occur. For the case of plasma species in the iono-
used to define a limited angle emission tomography problem, from NN .
which two-dimensional (2-D) (latitude versus altitude) volume sphere, intrinsic parameters such as electron densities and
emission rate profiles are reconstructed. temperatures can be directly sensed using Incoherent Scatter
The incomplete angular coverage imposed by this viewing ge- (IS) and High Frequency backscatter (HF) radars. LIDAR’s
ometry leads to an ill-posed and ill-conditioned inverse problem. have allowed the direct access of volume emission height

The problem is regularized by initially constraining the vertical . . .
profilgs to be Chagman functiyons. Sgch a paramegterization cap- profiles through laser fluorescence of atmospheric species

tures the mean features of a large class of emission structures. A[7]. However, their applicability has been limited to .the
weighted Euclidean distance between the measured and estimatedmesosphere (80-110 km) [8], [9]. As of yet, a technique
data is then minimized, subject to side constraints that define has not been developed to reconstruct the volume emission

the feasibility region for the Chapman parameters. The side yat0 profiles associated with passive ground-based optical
constraints are implemented as barrier functions, resulting in an measurements

unconstrained nonlinear optimization problem. Minimization is . .
performed using the Broyden—Fletcher—Goldfarb—-Shanno vari-  Tomography has recently emerged as an important technique
ant of the Davidon—Fletcher—Powell (DFP) method. The resulting for exploring the spatial dependence of upper atmospheric

volume emission rate elements are then used as an initial guessfeatures. Satellite-based tomography using photometric ob-
to a multiplicative algebraic reconstruction (MART) algorithm.  geryations was first attempted during NASA’s Atmospheric
In addition to regglanz_mg the proble.m, this tet_:hnlque exposes Expl 101. 1111, L | hic | .
important geometrical limitations to this class of inverse problem. Xplorer program _[ _]’ [ ]'_ arge scale tomographic imaging
of the Earths radiative environment are the goals of current
rocket [12] and satellite programs [13]. lonospheric radio
tomography using measurements of total electron content
(TEC) between a transmitting satellite and a network of ground
I. INTRODUCTION receivers has received much attention recently [14]-[16]. In

HE chemical and dynamical processes of the EarthiS case, the reconstructed profile is of electron density versus
T upper atmosphere produce optical emissions at a vallitude Ne(h). The relatedground-based optical tomography
ety of wavelengths and a wide range of intensities [1]-[3problem has the advantage _of requiring no satel.llte qulve-
Examples include the aurora at high latitudes, a ubiquitofReNt and, as such, is the subject of this work. In this technique,
chemically induced neutral airglow, and thermally excite@ne-dimensional (1-D) images (brightness versus elevation
Stable Auroral Red (SAR) Arcs. The integrated column brigh@ngle) of an optically thin emission are recorded from a
ness of these features can vary from 10>th0* Rayleighs Nnetwork of imaging spectrographs. These measurements are
(1 Rayleigh= 10f photons/cr? s). Airglow has also been uUsed to define a system of integral equations from which
created “artificially” through chemicals released from spaceD (latitude versus altitude) volume emission profiles are
vehicles [4]-[6]. Observations of atmospheric emissions §ptimated. The problem is illustrated schematically in Fig. 1.
standard spectroscopic and photometric means have led! f5ee observing stations are shown, and both the observations
many fundamental advances in aeronomy. New techniqui¥d the emitting region have been discretized.

The problem can be thought of as a limited-angle, fan-

) ) ) . beam tomography problem [17]. The observations are limited
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Fig. 1. Schematic representation of the GAET problem. In this work, the observations and the emitting region are diacpeiized

y [1] which show that emission profiles tend to be unimodal,
with a larger scale height on the topside. The final solution
is allowed to deviate from the Chapman profiles, but these
deviations will be in the neighborhood of the parameterized
solution. The algorithm allows robust reconstruction of a
large class of atmospheric emission features with reasonable
computation time.

This technique also provides important insight into the
limitations imposed by the GAET viewing geometry. The
direct inverse problem is poorly conditioned and the solution
will vary greatly depending on the starting point of the
inversion. Fortunately, most solutions are meaningless within
the context of what is known physically about emission
profiles. The Chapman regularization mitigates, but does not
completely eliminate, this problem. The technique and results
presented here are relevant to the ionospheric radio beacon
tomography problem as well, and thus merit some in-depth
discussion and simulation.

Il. PRELIMINARIES
Fig. 2. The viewing geometry for GAET can be compared to a fan-beam

tomography problem. A given observation is definedfbgnd~, (assuming The Calibra'_[ed quantity for observations of _th_e b_righ_tness
7, IS constant). of widely distributed sources (such as those originating in the
Earth’s upper atmosphere) is tRayleigh It is appropriate to
so-calledill posed problem). To obtain a meaningful solutionSpeak .Of the brlg_htngss in Rayleighs (R) of an gmmmg object
. : . . . V\{hen its scale size is greater than the resolution element of

to this linear inverse problem (i.e., a plausible solution th?he measuring device [1]. This is the case with CCD based
deviates significantly from an initial guess), soraepriori . ) ng ' , o
assumptions must be made. In ionospheric radio beacon 'paging dewceg currently gse_d_m atmpsphenc science [19]. A
mography, a typical approach is to constrain the solution to E}/epmal f|eId.of view for an mdw@ual pixel is a half a degree,.

X I i . carresponding to a horizontal distance of 5 km at ionospheric
a linear combination of a set of basis ionospheres. Oftentlme§t

: X : : altitudes €300 km).
however, these algorithms yield solutions that retain kernél Let u(r) represent the volume emission rate of an isotropic
features of the initial guess. Typically, these algorithms favor vlr) represen 1 . rop
: S . Source at positiorr in photons/crd s! For an optically thin

percentage adjustments to the electron densities, while leav'r}%ission the brightness at a positighis defined as
the altitude of the peak electron density and the characteristic ' 9 P
width of the electron density profile unchanged. 6 [~ 6 ”

In this work, ground-based atmospheric emission tomog- Rp =10 /0 v(l)-dl [10° photonsicm/s] (1)
raphy (GAET) is approached as a nonlinear optimization ] ) . ) .
problem. At a given horizontal position, the vertical profildvheredl defines a particular line of sight from poidt, and
is initially constrained to be &hapmanfunction (a nonlinear £r i the column integrated brightness duev{d). _
function described by three parameters). Such a parameteriza=i9- 2 illustrates schematically the unique geometry associ-
tion introducesa priori the characteristics of emission versugt€d with atmospheric emission tomography (not to scale). The
altitude we are likely to be concerned with, namely, the pe&nitting region is shown as contours within a confined region
emission rate, the altitude where the peak emission occurs, &hdatitude and altitude. With respect to the Earth centered
the width of the emission layer (related to the scale heigr#§ometry shown in Fig. 2, a ling through the atmosphere at

Of_ the source particles). The validity of this approach restSithe subsequent development assum@s) to be isotropic. For further
with rocket-borne photometer measurements [18] and thealiycussion, see [1].
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angleé and from a point” = (rp, 7,) is described by The angleyp represent the location of an instruments on
. some great circle. In practice, there are two to four instrument

y = tan(§ — )z +rplcos 3 —tan (6 —vp) sin ] (2) |ocations, all lying on the same great circle, with roughly 200
look directions §) at each site. Observations made from a real

is the observation angle. In general, deviations,ofrom Ry digital instrument are subject to four significant sources of

are negligible compared to the resolution of the tomograpHificertainty: 1) the instrument point spread function, 2) photon
reconstruction. However, significant errors will result if a “fla{:c’umm,g stat|st|cs,'3) photon absqrptlon, and.4) troposphgrlc
Earth” assumption is made. scattering. The point spread function for the instrumentation

In terms of the parameters of Fig. 2, (1) can be rewrittenused in this study (described in detail in [19]) is less than
three pixels. This degrades the spatial resolution in the zenith

wherer, = R. + [site altitudg, -, is the site latitude, and

R 9y — 106 B to about 10 km at 300 km altitude. The point spread function
sy (0) =10 v(z, y) . e . : C .
o Jo is not a limiting factor in GAET. For very faint emissions, it
X 0y —tan (8 — yp)z — 1) is important to consider Poisson statistics associated with the

optical device. For the rather large fluxes50R) associated

with the emissions considered here, the photon counting
where é is the dirac delta function. In a practical problemstatistic becomes Gaussian. Photon loss due to absorption has
the emission is assumed to be confined to latitude ranigeen well studied for the entire spectrum [20] and follows a
(71, 72) and altitude ranger(, r2) as indicated in Fig. 2. sec x dependence, whepeis the zenith angle. Absorption can
Under these assumptions, and converting to a more convenieatincluded as an priori adjustment to the observations. The

X [cos vp — tan (6 — vp) sin vp|} dedy  (3)

polar coordinate system, (3) becomes more difficult uncertainty is in tropospheric effects. Mie scat-
o tering and albedo effects in the lower atmosphere significantly
R, (6)=10"° / / v(r, ) affect the photon flux at the instrument. These effects are less
moJm well understood quantitatively, but can be assumed to impose
X 6{Rg cos v, — tan (6 — v,) Re sin 7y, a higher uncertainty in the data at larger zenith angles.
— Rp[cos vp —tan (6 — ~y,) sin v, dydr. (4) In terms of (6), tropospheric scattering and photon counting

) _ ) statistics can be considered additive noise sources. Photon ab-
Equation (4) is a variant of the radon transform fan-beam sorption is a constant multiplicative adjustment. The adjusted

tomography. It maps,(r, v) into R, (¢). As in the related prightness measurements,, are now related to the voxel
medical tomography problem, observations are confined \jg|ues as

a “circle” (the Earth). In this case, however, the object sits J oI
outsidethe circle. dn =
.= ay, Viilijn + N 7
The inversion technique described here is in the class of A ]ZZ:O ; Jrgk @
finite series expansion techniques [17], as opposed to transform ) .
techniques. In this approach, the emitting region is discretiz€f &S & matrix equation

a priori into a set _of vol_u_me emis;ion rgte pixels (hereafter d=alL-v)+n (8)
called “voxels”). Discretizing the right side of (4), we may
write where/l;;;, = 10 x [length of measuremenf, in voxel v;;
I g in km] (as discussed previously)y; is a random variable
R. () = viilii (Y, O (5) repres.entlng the yncertalnty of measuremént an_d ap is
() ; ; i (e 6) the brightness adjustment due to the atmospheric absorption

model. Each of thei elements of vectorl is an apparent

wherel is the number of latituded, is the number of altitudes, prightness in Rayleighs (as described in Appendix II of [1]).
and ;;(vp, 8) is the length of the line of sight defined by

(7p, 0) in voxel v;;. Thel;; are readily calculated given the 1

geometry illustrated in Fig. 2 and described by (4). If the ) ) ]
are in units of 16 cm = 10 km and they;; are in units of The linear system described by (8) is both sparse and

photons/cr s, then R, (6) will be in Rayleighs. In other @Il-cpnditioned. Although there are generally many more pro-
words, thel;; may be conveniently left in units of km when/€ctions than model elements (i.€¢ > I x J), the linear
considering (5). The resulting;; need only be multiplied by fsyst_e_m is nonethe_le_ss underdetermlned. This can be seen
a factor of ten to obtain the standard volume—emission—rdfiuitively by examining Fig. 1. There may be as many as

. REGULARIZING THE GAET INVERSE PROBLEM

unit of photons/crh s. 200 lines-of-site at each of the three projection angles shown.
When the set of observations is also discretized, (5) mipwever, adjacent rays are nearly parallel, and hence the
be written columns ofL are nearly linearly dependent. Althoudh is
not singular, it is nearly singular.
J I . . :
Ry — Z Z vl ©6) In the case of ideal noiseless data (i 1, n = 0), we
M. « =Y ik may nonetheless obtain a solution by direct inversiorLof
=0 1=

It is quickly found that although this solution minimizes the
In the absence of noise or atmospheric effed®y, is the residual two-norm (i.eamin ||d — L - v||2), it will be highly
observed brightness at position and look directief, 8);. oscillatory and contain large negative values for any reasonable
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number of solution elements. The solution must, therefore, be soo

regularized. ¥
Most standard regularization techniques remove undesirable

behavior by trading off minimization of the residual norm with

minimization of some solution seminorm. The best known of 400

these is Tikhonov regularization, which minimizes an objective,

of the form £ 7,

N
v=argmin{fld - L - v|z —of[A-(v - v7)[l2} (9) 200

whereA represents a linear operator amaontrols the degree
of regularization. The initial guess may be included s
These techniques also fail to produce acceptable solutions for

GAET. Simply stated, the amount of regularization required . ‘o.lz ‘o.|4‘ 'o.‘e o.ls' ‘ '1.0 o
to remove the undesirable solutions results in an unacceptably V (NORMALIZED VOLUME EMISSION RATE)

large residual norm. For anything but the very simplest fields, - feat th ical orofile of . heri o
. . . | . € mean features O e vertical profile of an atmospheric emission
standard regular|zat_|on techniques blur out all but the coars "gE/ be described by a Chapman function. Three parameters are required: the
features when applied to GAET. peak emission ratd; ™, the height of this peakz™, and the characteristic
In light of such extreme ill-conditioning, we now replace thevidth, H. Two examples are shown here.
unconstrained inverse problem with an inverse problem that

imposes some priori knowledge about the solution. Rather  oher functions characterized by three such parameters may
than introduce a constraint on the solution norm, we return {2 considered as well. For example, a Gaussian function is
the problem of minimizing the residual norm or described by a peak magnitude, the position of the peak and
min ||d =L - v|». (10) the stapdard_deviation. Any such.function could be use.d to

regularize this problem. The choice of Chapman functions

However, we now constraim to have certain average featureseflects prior knowledge that atmospheric emitting layers are

v

m

we expect to observe in atmospheric emitting layers. not, in general, symmetric, but have sharper gradients below
the peak in comparison to those abds&. However, it should
A. The Chapman Function be noted that in this context, the Chapman function is used as

From Fig. 1, it can be inferred that the solution to th& convenient mathematical form for an emitting layer, and

GAET problem has greater support in the horizontal dimensi®§nce it is most accurate to refer £ as a “characteristic
than the vertical dimension. One way to mitigate this probleiiidth” rather than the “scale height.” Both the Gaussian
is to impose a parameterization in the vertical direction. Ainction and the Chapman function have infinite support and
judicious choice of parameterizing function will reduce th&"® continuously differentiable. These features are desirable

dimensionality in the vertical while also capturing the expectd@! OPtimization problems. _
shape of an emission layer. Theoretical studies of airglowGIVen a set ofl x 3 Chapman parameters, the resulting
and aurora have shown that the vertical emission profile \4tx€! values are given by

a point P should be unimodal. Moreover, emission profiles v =V exp[0.5(1 — 21 — exp(—z1;;)]  (13)
generally have a steeper gradient (i.e., smaller scale hel%lt?h

on the bottomside than on the topside [21]. An altitude b — gm

profile fitting this model and described by three parameters 2l =2 ——— (14)

is the Chapman functidn[22]. Given three parameters: the H
maximum volume emission rat®&™ [photons/crﬁ s], the The unknowns are now reduced frafrx J volume emission
altitude of the maximum volume emission raf& [km], and rates to/ x 3 Chapman parameters.

a characteristic emission widtH [km], the volume emission

rate at any altitude: is given by B. The Nonlinear Objective Function

v(2) = V™ exp[0.5(1 — 21 — exp (—21)] (11) The misfit to the data is represented by the weighted
Euclidean norm (or two-norm) between the observed data
y— Zm and the estimated da#*" = a(L - v°).

H (12) d—a(L - v

where v¢ is used to indicate Chapman-constrained volume w
emission rates. Fig. 3 illustrates a Chapman function for twgy,qre +
different values ofH.

where

z1

E(V™, 2", H) = H (15)

2

¢ is the matrix of voxel values resulting from a
Chapman parameterization amdis a vector of weights that

2gydney Chapman, 1931. Equations (11) and (12) were developedcharacterizes the uncertainty associated with each measure-
described electron density as a function of height in the “simple Chapmpagent.

model” of ionospheric formation. We use this formalism as a convenient F d i d b d ith G .
mathematical representation of optical emission profiles, a topic not actually IS assumed to be a random vector wit aussian

treated in Chapman theory. statistics,w is the vector of standard deviations, The o
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Fig. 4. To facilitate convergence, the solution is sought on a progressivelyhimeontal gridding. The vertical gridding is constant, a suitable resolution
being about 10 km. Shown are samples of a typical gridding scheme with outlines of the instruments’ fields of view.

]

may be estimated experimentally, and for a given instrument, 7o

may be considered to be constant over the field of view.
However, thew;, are also used to account for uncertainties so

due to tropospheric effects. The uncertainty in absolute bright-
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ness is greater at larger zenith anglgs,Therefore, at each 50;7 > 3
iteration, we would like the solution to favor fitting the data k™ 1
at smallery (i.e., near the zenith). A reasonable choice fort ,, &

o
o
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w is in fact C'sec x, with C a scaling constant. This is the T
same form as the photon absorption model. To include both
atmospheric and instrumental uncertainties in the tomographic

reconstruction thenw will have the form 2o

4375

w = Co sec(x) (16)

IARRRRRRN/ARRRRIZORE

10 ¥

whereos is now assumed to be constant. The scaling constant 100 200 300 400
. . {

C'is used to bound®, and is usually set to the length df If Zm (km)
no atmosphere is present (e.g., in satellite tomography), thef 5. A contour plot ofE versusZ™ and H for the a simple uniform
this choice ofC allows for a physical interpretation df as Stratified emitting region(™ = 1, H = 30.Z™ = 300). Although the
h idual divided by th tandard deviation Tﬁ{Oba' minimum is evident by inspection, if the initial guess is to the left of
t _e_av_era_ge residua e y the stal _a eviation. 15 partition line drawnE will converge to a point in the “valley” (i.e., a
minimization of £ would then proceed untiE ~ 1. Further small Z™ and a largeH).

iteration would fit the noise.

constraints for a Stable Auroral Red Arc or ambient airglow
are Z;* = 700 km, Z"* = 100 km, H; = 70 km, and
H; =10 km.

Equation (15) is nonlinear ™ and H. As will be  within the feasible solution set, the best set bfx 3
demonstrated, convergence will generally require additionrghapman parameters will satisfy
side constraints to guide the solution away from known

C. Constraining the Feasibility Region

unwanted minima. We, therefore, define the feasibility region min {E(V™, 2™, H)| constraint$. (18)

for v¢ as A convenient method of imposing inequality constraints
vmo> 0 is with the use ofbarrier functions [23]. In this technique,

constraints{ Z* > Zm > Zm (17) the con'strainedloptim'ization problem is. convgrted to an un-
H, > H, > H,. constrained optimization as follows. First using the lower
boundary as an example, rewrite the constraints as

E is a linear function ofV™. Convexity overV™ is thus m m

guaranteed, given thak’' is convex overZ™ and H. The gi(V") =V™ > 0 (19)

choice of the constant&;®, Z*, Hy, and H,; are dictated @(Z™)=Z" - Z" > 0 (20)

by known general limits of occurrence; for example, sufficient gs(H)=H-H; > 0. (21)
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Fig. 6. A plot of E along the valley of Fig. 5. The true solution isFt= 30 and Z'™ = 300, but other local minima are evident. Thus, even in such
simple GAET problems, the solution depends on the initial guess and the robustness of the algorithm in avoiding local minima.

A standard barrier function of the formr ln[—g(x)] is used algorithm makes explicit use of gradient information. The
here. The resulting unconstrained optimization problem thédacobian gradient matrix faf has three rows given by

has the objective dE
E =X In[gi(V™)] = Aor In [g2(Z7)] d;fEtn
— Agr In [g3(H)] (22) VE=\ Gz @
dE

where the), are weighting functions chosen to normalize the I
relative magnitudes of the Chapman parameters. For the GAET

problem, the convergence of (22) does not depend heavijE can be calculated explicitly from (13)—(22).
on the values chosen for th&,. The parameter scales

the influence of the barrier functions. As the minimization IV. GRIDDING

roceedsy should approach zero geometrically. Equation (22 . I
b ! bp g y-=d ( )To accelerate convergence for a wide range of initial

then approaches the unconstrained minimization of (15). In the " luti his imol ted in th
present algorithm, at each iteration we 8gt, = roi/2. guesses, a multi-resolution approach is implemented in the

The advantage to using barrier functions is to giveasmo%ﬁ'ddmg' The initial latitude g”dd”?g is set to be _Iarger
penalty to violations of the feasibility region. Moreover wé an the largest structure expected in the reconstruction. The

retain a continuously differentiable objective function. Thgltltu”detgnddm? (|js ftlexuzle, bgt shomthI]d l?e fmaller t;an tthfj
explicit gradient information allows us to use a geometrical allest expected structure size in the features under study.

convergent variable-metric algorithm [24], described in tht-%ﬁer ea(ihtmlnlryr:zatlon .OE’ thebgnd 5 reclietflnedbthh twmz
following section. e resolution, the previous rebinned solution being used as

the new initial guess. Fig. 4 illustrates a sequence of grids.
The refinement proceeds from two latitude grids in the first
panel to ten in the last. The fields of view of a four-instrument
Scientifically useful results can be obtained in GAET from system are also shown in Fig. 4 for reference.
reasonably sized optimization problem. A typical experimental Where the columns oL are very sparse (i.e., toward the
configuration will cover about 7 of latitude. A maximum edge of the overall field of view), large latitudinal bins are be
useful horizontal resolution for large scale structures i8 6f5 placed and unaltered. Such bins serve to reconcile the total
latitude or about 55 km at an altitude of 300 km. This woulghoton inventory in a region that is not well supported by
require 15 horizontal bins, resulting in 45 dimensions in thhe data. This is especially important for GAET of sources
minimization of (15). that extend outside the fields of view of the instruments
In this work, minimization is performed using the vari{as will be demonstrated). This type of gridding also helps
able metric method of Broyden—Fletcher—Goldfarb—Shannojratigate the problem of tropospheric scattering. It is the
variation of the Davidon—Fletcher—Powell (DFP) method [25]pw elevation angles where tropospheric scattering adds the
[26]. This algorithm was selected due to its fast convergengeeatest uncertainty to the data. The solution in this region has
and robust performance on nonlinear problems. The DH®v confidence, but will still be consistent with the data.

D. Minimization of &
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Fig. 7. The original object (upper panel) shows a central object and two objects that extend outside the field of view. This is a typical scenario for
GAET. The central object is reconstructed well, while the outer extended emission layers are not well supported by the data. Highest confidence is
placed in the region where the most observations overlap.

At some horizontal resolution, the data no longer suppontsthin a neighborhood. As the full problem defined here is
the dimensionality of the solution, and the algorithm becomest strictly convex, MART will converge to a local minimum
unstable. The minimum horizontal resolution depends on thear the Chapman solution. An appropriate stopping criteria
instrument separation and the type of structure in the emittimy~£ ~ 1. This indicates that the average residual is near the
region. Although an absolute bound on the resolution canrmtpected instrumental uncertainty.
be determined explicitly, the multiresolution gridding provides
a systematic way of determining the achievable resolution
experimentally for a given problem. As the gridding is refined, . . ,
the point at which the data no longer supports the desired! N€ overall algorithm is described as follows.
horizontal resolution becomes obvious, as large numericall) Define initial reconstruction grid/(latitudesx .J alti-
instabilities occur. For example, in tomography from four tudes).
stations covering 6 of latitude, with a structured emission 2) CalculateL from the observation and reconstruction
at 300 km altitude, the minimum resolution supported is about ~ geometries.

0.25, or 30 km. 3) Minimize (22) using DFP method.

After the best Chapman parameterization is found on the4) Adjust gridding to next finer resolution and repeat 2 and
finest desired gridding, the Chapman constraint is removed. At 3 with the currentV™, Z™, andH as the initial guess.
this point,v is iterated on directly using MART (Multiplicative ~ 5) When finest desired gridding is achieved, remove Chap-
Algebraic Reconstruction Technique). MART minimizes the ~ man constraint and apply MART to the direct inverse
weighted residual two-norm with entropy regularization [27],  Problem using present value of as the initial guess.
[28]. MART can be thought of as minimizing (9) witA - This algorithm incorporates many desirable features in
(v—v*) = vilnv. MART converges to a positive solutionregularizing the ill-posed GAET problem. First, it incorporates
with the greatest multiplicity amongst all feasible solutiona minimum amount o priori information. The vertical profile

V. SUMMARY OF ALGORITHM
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Fig. 8. (a) Vertical profile through the center of the Chapman phantom of Fig. 7, along with the reconstruction. The MART refinement adds no information
to the solution in this case and (b) the original phantom in the center of Fig. 7 is replaced with the non-Chapman profile shown (dashed-dotted line).
The Chapman solution overestimates the peak emission and peak altitude. The MART-refined solution results in a better fit, including approximating
the phantom’s bimodal structure.
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of an emission layer has mean features which are well de-The vertical profile of such a layer with™ = 1, Z™ =

scribed by the parameterizing Chapman function. Second, 8@ km, and H = 30 km is shown in the solid line of

Chapman function along with constraints leads to an objectitAg. 3. In this ideal case, a single instrument provides the

that has an explicit form for the gradient, allowing the use @haximum information on the object (i.e., the measurements

minimization techniques that converge geometrically. Thirdye independent of;). Looking at equations (13)—(15F is

the multiresolution gridding scheme facilitates convergence farlinear function of¥’™ and thusd?E/dV™?2 = 0. Therefore,

a wide variety of initial guesses, and provides a convenieifitE is convex with respect t&™ and H, then it will also

means for finding the optimum spatial resolution supportdi convex with respect t&™. Fig. 5 shows contours oF

by the data. Fourth, instrumental and atmospheric relatkst a range of possibléZ™ and H in the uniform stratified

uncertainties are handled automatically in the tomograpipeoblem outlined above (in this casg™ = 100, Z]* =

reconstruction. And lastly, refinement of the solution with00, H; = 10, and H; = 100). In order for a steepest

MART allows fitting the data to any desired uncertainty. descent or quasi-Newton algorithm to converge to the global
minimum, the initial guess must be in the region to the right
of the partitioning line drawn. An initial guess to the left will
converge to a solution in the valley.

VI. SIMULATIONS Fig. 6 shows the values df in the central valley of Fig. 5

In GAET, the detail to which an object may be reconstructeab a function of botlif andZ™. Clearly £ is not strictly con-
is limited primarily by the constrained viewing geometryvex. The unwanted local minimum has a large characteristic
Even in the case of ideal noiseless data, and using thigdth and the lowest available altitude: essentially a uniform
regularization scheme described above, artifacts and numeritistribution of emission. We see that even in this simple
instabilities can appear in the reconstruction if too fine problem, the forward transform from to d is only uniquely
resolution is sought. Whether the reconstruction scheme useuersible with a proper initial guess. This is purely a result of
is constrained spectrally, unconstrained, model based, etbe limited angle nature of the observations, as the simulated
care must be taken in choosing the solution dimension. THata is noise free and the object is described exactly by a
Chapman parameterization provides an intuitive means f@@mbination of the three parameters the algorithm seeks. In the
evaluating such geometrical limitations. This is shown ifull 50-100 dimensional problem, the effect of the initial guess
the first example to follow. The subsequent three examples convergence cannot be determined explicitly. We must
demonstrate the algorithm for typical but difficult atmospheriexercise the algorithm for a wide variety of typical emission
emission structures. structures to determine the robustness of the technique.

The simplest structure to consider in GAET, in terms of The feasibility region defined by, Z", H;, and H;, of
reconstruction, is a uniform stratified emitting region extending.7) reflect well known limits on the altitude and scale size of
from horizon to horizon. If this layer is described by airglow and auroral structures. When implemented as barrier
Chapman function, then the inverse problem requires solvifignctions, they allow for larger step sizes in line searches
for only three parameters. This may not represent the maktring DFP minimization, yielding faster convergence. They
tractable problem, in the sense that horizontal structure heldso insure that the algorithm is exited gracefully when a local
define the vertical structure in the GAET geometry. But it dogminimum (e.g., the valley of Fig. 5) is being pursued. If the
allow us to analyze the objective function (15) graphically, argblution is on the constraint boundary, the algorithm must be
therefore provides some insight into it's convexity. restarted with a different initial guess.

Authorized licensed use limited to: IEEE Xplore. Downloaded on October 28, 2008 at 12:39 from IEEE Xplore. Restrictions apply.



SEMETER AND MENDILLO: NONLINEAR OPTIMIZATION TECHNIQUE 1113

400

300

200

ALTITUDE (KM)

100

HIII\IllllllllllIllyllHll‘II IIIIIIlIIITHI

o

» \
lllllllllllillll[llll HlHllll HII!IIlIIIlHI

o
[04]
o
~
[N)
o
|
N
|

NORMALIZED LATITUDE

RECONSTRUCTION
e
400

300

[
\lklllllllmlllllllllllllll

IIl!IIllIllIIIIIII]I

200

ALTITUDE (KM)

100

HIlIHlllIlIHIIlllylHIIIlIyHIIIT’IIHHl

()

PR " 1 L L 1 . I 1 I . L
4 2 0 -2 —4
NORMALIZED LATITUDE

o
03]
[0}

Fig. 9. The original object is a source extending from horizon to horizon. The structure has a variable characterisfif. Widéhreconstruction captures
each of the maxima ind although the detail is somewhat smoothed.

We now present simulations of three different sample GAHR9] within the mid-latitude ionospheric trough). The phantom
reconstructions. In Figs. 7, 9, and 10, the original (phantorsjructures in this case are Chapman functions in altitude.
object is in the upper panel, and the GAET reconstruction isThe GAET algorithm is able to reconstruct the isolated fea-
in the lower panel. The fields of view from each of the fouture amidst the two distant sources. The emitting layers at the
observing sites are shown. The sites are each separated bputer edges are not well supported in the data and, hence, are
on an Earth-centered polar coordinate system (i.e., Normalizeat accurately reconstructed. The highest confidence in GAET
Latitude = vp of Figs. 2), or 223 km ground distance. Eacheconstruction lies where the most lines of site overlap. To
projection has 140 evenly distributed samples (i.e., resolutignantify the goodness of the reconstruction, Fig. 8(a) plots the
elements in the measuring device). The phantom objegiofile through the center of the arc. Three vertical profiles are
used in these examples highlight “difficult” objects typicathown: the original phantom, the Chapman reconstruction, and
of atmospheric emission structures. All reconstructions affee subsequent MART refinement (as labeled). As expected
obtained from the uniform stratified initial guess Bf* = for this phantom, the MART refinement adds no additional
1, Zz™ = 350, H = 20. information to the solution.

In GAET of discrete auroral arcs, an important issue is In order to test the robustness of the algorithm to a non-
the contribution of distant emission sources to the observE€thapman emitting layer, we created another auroral phantom
data (such sources include background airglow and distdnyt superposing a Gaussian and a Chapman emission profile
auroral arcs). These sources extend past the fields of vieantered at different altitudes. This structure was put in place
of all instruments and in fact may be completely outside thaf the central object of Fig. 7, with the outer structures the
fields of view of at least one of the instruments. The top panshme. A vertical profile through this phantom is shown in the
of Fig. 7 shows an isolated feature in the presence of twdashed line of Fig. 8(b) (as labeled). Both the Chapman result
extended emitting layers (similar to a stable auroral red af@ashed line) and the unconstrained MART reconstructed
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Fig. 10. The original objects are six identical Chapman structures with varying peak altitidesThe reconstructed objects clearly show the altitude
variation, although the peak emission is underestimated by about 20%.

(dashed-dotted line) profiles are also shown. Notice that theFig. 10 highlights another major problem for GAET: re-
Chapman solution overestimates the peak emission rate aodstruction of closely spaced arcs at varying altitudes. The
the peak altitude in an effort to match a very non-Chapmaphantoms are created using Chapman vertical profiles and
like profile. The subsequent MART-refined solution capturesnusoidal horizontal profiles-ougere[30] and others have
well the peak emission rate and estimates the peak emissimted that the inversion of such a structure would benefit
height to within 20 km. The bimodal nature of the phantorfrom some observations from a horizontal direction (e.g.,
is also approximated in the MART-refined solution. The fit terom a satellite-borne photometer). However, the peak emis-
the topside and bottomside remains relatively unchanged fraion altitudeis supported by the data, although weakly so.
the Chapman solution. The shapes of these two regions @tee GAET algorithm presented here provides a reasonable
again not well supported in the GAET data. Because MAREconstruction of the morphology of the original phantom,
favors a small solution norm, the larger volume emission rateéhile underestimating the peak emission ®20%. Again,
elements are preferentially adjusted. the solution converges from a uniform initial guess in each
Fig. 9 shows an example of GAET of a continuous stru€Shapman parameter and is not dependent on a detailed model
tured extended source. This case is typical of mid- amd the emission layer.
low-latitude emission, and represents one of the most difficult The simulations presented here are a representative set of
objects for GAET. In Fig. 9, the added structure is in the forra large group of phantoms presented to this algorithm. The
of a variable emission layewidth H. The GAET algorithm degree of detail that can be reconstructed in these objects is
is able to locate each of the maxima. The detail is somewlddpendent on the type of structure present in the phantoms. We
smoothed out. But it is encouraging to note that resolvirtave shown that if we acknowledge the geometrical limitations
the general morphology of an extended structured layer ioa the solution to the GAET problem, we may reach a com-
tractable problem. promise between resolution and solution confidence. Nonlinear
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optimization applied to GAET will provide hitherto untappedorm stratified initial guess by pursuing a trade-off between
information about the physics of atmospheric emissions. resolution and accuracy.
An observing system has been constructed to implement
the GAET technique, named COTIF for CEDAR Optical
VIl. FIELD TEST Tomographic Imaging Facility. COTIF consists of a chain
A network of imaging systems has been constructed aati four portable imaging stations along the New England
deployed to gather data for GAET. The system, called COTf@ast. These instruments are presently making coordinated
(CEDAR Optical Tomographic Imaging Facility) consists obbservations with the Millstone Hill incoherent scatter radar.
three all-sky imaging spectrographs and an all-sky imaging
system [19] placed in a line extending from Caribou, ME, ACKNOWLEDGMENT
to Block Island, RI, (about 500 km total separation). Initial T

; . he authors are grateful for the scientific and technical
results from COTIF have been presented in [31]. Coordinat ﬂidance provided b)?J. Baumgardner. The authors would also
radar and optical tomographic observations are currently beii

) : to acknowledge G. Sandri, W. C. Karl, and D. Castanon
made as test cases for the GAET algorithms. Supporting dﬁé . . . ' - .
from the Millstone Hill Incoherent Scatter Radar will be use Ptneir help in reviewing and commenting on this work.
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